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DIFFERENCE EQUATIONS OF QUANTUM CURRENT
OPERATORS AND QUANTUM PARAFERMION CONSTRUCTION
JINTAI DING AND BORIS FEIGIN
Abstract. For the current realization of the affine quantum groups, a simple
comultiplication for the quantum current operators was given by Drinfeld. With
this comultiplication, we prove that, for the integrable modules of Uq(sˆl(2)) of
level k + 1, x±(z)x±(zq±2) · · · x±(zq±2k) are vertex operators satisfying certain
q-difference equations, and we derive the quantum parafermions of Uq(sˆl(2)).
1. Introduction.
Lie algebra sˆl(2) has three current operators e(z), h(z) and f(z). For any integrable
highest weight module of sˆl(2) of level k, the current operators e(z) and f(z) satisfy
the following differential equation:
(ek(z))′− : z−1h(z)ek(z) := 0 = (fk(z))′+ : z−1h(z)f(z) :,
which implies that ek(z) and fk(z) are vertex operators [LP].
For the case of quantum affine algebras, Drinfeld presented a formulation of affine
quantum groups with generators in the form of current operators[Dr2], which, for the
case of Uq(sˆl(2)), give us the quantized current operators corresponding to e(z), h(z)
and f(z) of sˆl(2). We would like to find out if it is possible to derive a similar equation,
which will degenerate into the equation above. To solve this problem, we need to use
the Drinfeld comultiplication for the current formulation of Uq(sˆl(2))[DF][DI], which
resolve the difficulty caused by the non-commutativity of those quantum current
operators. This comultiplication is very simple as opposed to the comultiplication
formula induced from the conventional comultiplication, which can not be written in
a closed form with those current operators. With this comultiplication, we are able
to study the zeros and poles of quantum current operators for integrable modules to
derive a quantum integrable condition for Uq(sˆl(2))[DM].
In this paper, we will use the same method as in [DM]. We will start with the
case of the module F¸ for the fundamental representations at the level 1 for the case
of Uq(sˆl(2)), which is the representation constructed by Frenkel and Jing by using
vertex operators. Uq(sˆl(2)) as in the Drinfeld realization (see Definition 2.1) has four
current generators x+(z), ϕ(z), ψ(z) and x−(z), where x+(z) and x−(w) are quantized
1
current operators of Uq(sˆl(2)) corresponding to e(z) and f(z) of sˆl(2) respectively and
ϕ(z), ψ(z) are quantized current operator corresponding to the negative half and the
positive half of h(z) of sˆl(2) respectively. Using Drinfeld comultiplication, we show
that, on any level m+ 1 integrable module of Uq(sˆl(2)),
(x+(zq2))(x+(zq4)) · · · (x+(zq(2m+2))) =
ϕ−1(zqm/2+1/2)(x+(z))(x+(zq2)) · · · (x+(zq(2m)))ψ(zq(m+1)3/2),
(x−(zq2m+2))(x−(zq2m)) · · · (x−(zq2)) =
ϕ(zq−(m+1)3/2)(x−(zq2m))(x−(zq2m−2)) · · · (x−(z))ψ−1(zq−m/2+1/2),
and, (x+(z)) · · · (x+(zq(2m))) and (x−(zq(2m))(x−(zq2m−2)) · · · (x−(z)) are vertex
operators. In the last section, we apply this method to derive the parafermions φi(z),
i = 0, ..., m− 1, on the module ⊗m+1F¸ for Uq(sˆl(2)), such that
(x+(z))(x+(zq2)) · · · (x+(zq2k)) = V +k (z)φ
m,k(z),
(x−(zq2k))(x+(zq2k−2)) · · · (x+(z)) = V −k (z)φm−k−1(z),
where φi(z) commute with ϕ(z) and ψ(z), and V
+
k (z) and V
−
k (z) are vertex operators.
2. Quantum difference equation and vertex operator
We will first present the current realization of Uq(sˆl2) given by Drinfeld[Dr2].
Definition 2.1. The algebra Uq(sˆl2) is an associative algebra with unit 1 and the
generators: ϕ(m),ψ(−m), x±(l), for i = 1, ..., n − 1, l ∈ Z and m ∈ Z≤0 and a
central element c. Let z be a formal variable and x±(z) =
∑
l∈Z x
±(l)z−l, ϕ(z) =∑
m∈Z≤0
ϕ(m)z−m and ψ(z) =
∑
m∈Z≥0
ψ(m)z−m. In terms of the formal variables,
the defining relations are
ϕ(0)ψ(0) = ψ(0)ϕ(0) = 1,
ϕ(z)ϕ(w) = ϕ(w)ϕ(z),
ψ(z)ψ(w) = ψ(w)ψ(z),
ϕ(z)ψ(w)ϕ(z)−1ψ(w)−1 =
g(z/wq−c)
g(z/wqc)
,
ϕ(z)x±(w)ϕ(z)−1 = g(z/wq∓
1
2
c)±1x±(w),
ψ(z)x±(w)ψ(z)−1 = g(w/zq∓
1
2
c)∓1x±(w),
[x+(z), x−(w)] =
1
q − q−1
{
δ(z/wq−c)ψ(wq
1
2
c)− δ(z/wqc)ϕ(zq
1
2
c)
}
,
(z − q±aw)x±(z)x±(w) = (q±az − w)x±(w)x±(z),
2
where
δ(z) =
∑
k∈Z
zk, g(z) =
qaz − 1
z − qa
(expanded around z = 0) , a = 2.
For this current realization, Drinfeld also gave the Hopf algebra structure.
Theorem 2.1. The algebra Uq(sˆl2) has a Hopf algebra structure, which are given by
the following formulae.
Coproduct ∆
(0) ∆(qc) = qc ⊗ qc,
(1) ∆(x+(z)) = x+(z)⊗ 1 + ϕ(zq
c1
2 )⊗ x+(zqc1),
(2) ∆(x−(z)) = 1⊗ x−(z) + x−(zqc2)⊗ ψ(zq
c2
2 ),
(3) ∆(ϕ(z)) = ϕ(zq−
c2
2 )⊗ ϕ(zq
c1
2 ),
(4) ∆(ψ(z)) = ψ(zq
c2
2 )⊗ ψ(zq−
c1
2 ),
where c1 is the action of the central element c on the first component and c2 is the
action of the central element c on the second component.
Counit ε
ε(qc) = 1 ε(ϕ(z)) = ε(ψ(z)) = 1,
ε(x±(z)) = 0.
Antipode a
(0) a(qc) = q−c,
(1) a(x+(z)) = −ϕ(zq−
c
2 )−1x+(zq−c),
(2) a(x−(z)) = −x−(zq−c)ψ(zq−
c
2 )−1,
(3) a(ϕ(z)) = ϕ(z)−1,
(4) a(ψ(z)) = ψ(z)−1.
This comultiplication structure requires certain completion on the tensor space.
For certain representations, such as the n-dimensional representations of Uq(sˆln) at
a special value, this comultiplication may not be well-defined. Nevertheless, for any
two highest weight representations, this comultiplication is well-defined, because the
action of the operator as a coefficient of zm of the currents operators on any element
of such a module are zero if m is small enough.
We will present the Frenkel-Jing construction of level 1 representation of Uq(sˆl2)
on the Fock space.
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Consider an algebra generated by {ak| k ∈ Z \ {0}} satisfying:
[ak, al] = δk+l,0
[2k][k]
k
,
where [k] = q
k−q−k
q−q−1
. We call it the Heisenberg algebra.
Let Q = Zα be the root lattice of sl(2). Let us define a group algebra C(q)[P],
where P is the weight lattice of sl2. Let Λ1 be the fundamental weight of sl(2) and
2Λ1 = a. Let Λ0 = 0.
Set
F i := C(q)[a−k( k ∈ Z>0)]⊗ C(q)[Q]e
Λi .
This gives the Fock space.
The action of operators ak, ∂α, e
α (1 ≤ j ≤ N) is given by
ak · f ⊗ e
β =


akf ⊗ e
β k < 0;
[ak, f ]⊗ e
β k > 0,
∂α · f ⊗ e
β = (α, β)f ⊗ eβ for f ⊗ eβ ∈ F i,
eα · f ⊗ eβ = f ⊗ eαeβ.
Lemma 2.2. The following action on F i of Uq(sˆl(2)) gives a level 1 highest weight
representation with the i-th fundamental weight.
◦ x±(z) 7→ exp[±
∑
k>0
a−k
[k]
q∓
1
2
kzk] exp[∓
∑
k>0
ak
[k]
q∓
1
2
kz−k]e±αz±∂α+1,
◦ ϕ(z) 7→ exp[−(q − q−1)
∑
k>0
a−kz
k]q−∂α ,
◦ ψ(z) 7→ exp[(q − q−1)
∑
k>0
akz
−k]q∂α.
This implies that on F i for the case of Uq(sˆl2)
x+(z)x+(w) = z2(1−
w
z
)(1−
w
zq2
) : x+(z)x+(w) :
x−(z)x−(w) = z2(1−
w
z
)(1−
wq2
z
) : x−(z)x−(w) :
x+(z)ϕ(w) = q−2
(wq
−1/2
z
− q2)
(wq
5/2
z
− 1)
: ϕ(w)x+(z) :=
(wq
−1/2
z
− q2)
(wq
5/2
z
− 1)
ϕ(w)x+(z)
ψ(w)x−(z) =
( zq
1/2
w
− q2)
( zq
1/2
w
− q2)
: ψ(w)x−(z) :=
( zq
1/2
w
− q2)
( zq
5/2
w
− 1)
x−(z)ψ(w)
Lemma 2.3. Set F¸ = Σ⊕F i. Any level m integrable module is a submodule of ⊗
mF¸.
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For the case of sˆl(2), we have that the correlation functions of e(z)e(w) and
f(z)f(w) have no poles, which are always polynomials of z, z−1, w, w−1. By the cor-
relation functions of an operator, we mean all the matrix coefficients of the operator.
However, for the quantum case, we have [DM]
Theorem 2.4. For any level m > 1 integrable module of Uq(sˆl2), the correlation
functions of x+(z)x+(w) has at most poles at zq−2 = w. For any level m > 1
integrable module of Uq(sˆl2), the correlation functions of x
−(z)x−(w) has at most
poles at zq2 = w.
Theorem 2.5. For any levelm integrable module of Uq(sˆl2), the correlation functions
of x+(zm+1)x
+(zm)...x
+(z2)x
+(z1) is zero at zi/zi+1 = q
2.For any level m integrable
module of Uq(sˆl2), the correlation functions of x
−(zm+1)x
−(zm)...x
−(z2)x
−(z1) is zero,
if zi+1/zi = q
2.
Lemma 2.6. On F¸,we have
x±(q2z) = q±∂α exp[±
∑
k>0
a−k(q − q
−1)qkq∓
1
2
kzk]x±(z)×
q±∂α exp[∓
∑
k>0
(q − q−1)(−q−k)akq
∓ 1
2
kz−k] =
ϕ∓1(zq∓
1
2
+1)x±(z)ψ±1(zq±
1
2
+1).
Proof.
x±(q2z) = exp[±
∑
k>0
a−k
[k]
q∓
1
2
kq2kzk] exp[∓
∑
k>0
ak
[k]
q∓
1
2
kq−2kz−k]e±αz±∂α+1q2±∂αq2 =
exp[±
∑
k>0
a−k
[k]
q∓
1
2
k(q2k − 1)zk]x±(z) exp[∓
∑
k>0
ak
[k]
q∓
1
2
k(q−2k − 1)z−k]q2q2±∂α =
exp[±
∑
k>0
a−k(q − q
−1)qnq∓
1
2
kzk]x±(z) exp[∓
∑
k>0
(q − q−1)(−q−n)akq
∓ 1
2
kz−k]q2q2±∂α =
q±∂α exp[±
∑
k>0
a−k(q − q
−1)qkq∓
1
2
kzk]x±(z)q±∂α exp[∓
∑
k>0
(q − q−1)(−q−k)akq
∓ 1
2
kz−k].
Lemma 2.7. On ⊗m+1F¸, let ∆m(x+(z)) = (1⊗ 1⊗ ...⊗∆)....(1⊗∆)(∆)((x+)(z)),
then
∆m(x+(z))∆m(x+(zq2)) · · ·∆m(x+(zq(2m))) =
ϕ(zq1/2)ϕ(zq1/2+2) · · · ϕ(zq1/2+2m−2)x+(zq2m)⊗ ϕ(zq3/2)ϕ(zq3/2+2)·
· · ϕ(zq3/2+2m−4)x+(zq2m−1)⊗ ......⊗ ϕ(zqm−1/2)x+(zqm+1)⊗ x+(zqm).
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Proof. From the comultiplication formula, on ⊗m+1F¸ we have
(1⊗ 1⊗ ...⊗∆)....(1 ⊗∆)(∆)((x+)(z)) =
x+(z)⊗ 1....⊗ 1 + ... + ϕ(zq1/2)⊗ ϕ(zq3/2)⊗ ...⊗ x+(zql)⊗
1...⊗ 1 + .... + ϕ(zq1/2)⊗ ϕ(zq3/2)⊗ ...⊗ ϕ(zqm−1/2)⊗ x+(zqm) =
m∑
i=1
X+mi (z).
Let
fma1,...am+1(z1, ...., zm+1) = X
+m
a1
(z1)× · · ·X
+m
am+1
(zm+1),
First, we know that there are no poles at zi/zi+1 = q
2 (Theorem 2.1). Let 0 < i <
j ≤ m+ 1
(ϕ(zq1/2)⊗ϕ(zq3/2)⊗...⊗x+(zqi)⊗1..⊗1)(ϕ(wq1/2)⊗ϕ(wq3/2)⊗...⊗x+(wqj)⊗1..⊗1) =
ϕ(zq1/2)ϕ(wq1/2)⊗ ϕ(zq3/2)ϕ(wq3/2)⊗ ..
⊗ : x+(zqi−1)ϕ(wqi−1/2) : ⊗ϕ(wqi+1/2)⊗ ....x+(wqj)⊗ ...⊗ 1
(w
z
− q2)
(w
z
q2)− 1
.
Thus know that if there is any i, such that ai < ai+1, then the correlation functions
of fma1,...am+2(z1, ...., zm+2) are zero at zi/zi+1 = q
2. That means the elements that are
possibly not zero have the property that ai ≤ aj, if i > j. Because x
+(z)x+(zq2) is
zero, we have that the elements that are possibly not zero have the property that
ai < aj , if i > j. Therefore we finish the proof.
Let x+m(z) = ∆m(x+(z))∆m(x+(zq2)) · · ·∆m(x+(zq(2m))).
Theorem 2.8.
x+m(zq2) = ϕ−1(zq1/2)⊗ ϕ−1(zq3/2)⊗ ....ϕ−1(zq
1
2
+m)x+m(z)
ψ(zq
1
2
+2m+1)⊗ .....⊗ ψ(zq
1
2
+1+m) =
(1⊗ 1⊗ ...⊗∆)....(1 ⊗∆)(∆)ϕ−1(zqm/2+1/2)x+m(z)
(1⊗ 1⊗ ...⊗∆)....(1⊗∆)(∆)ψ(zq(m+1)3/2).
Proof.
x+m(zq2) = ϕ(zq2q1/2)ϕ(zq2q1/2+2) · · · ϕ(zq2q1/2+2m−2)
x+(zq2q2m)⊗ ϕ(zq2q3/2)ϕ(zq2q3/2+2) · · · ϕ(zq2q3/2+2m−4x+(zq2q2m−1)⊗
......⊗ ϕ(zq2qm−1/2)x+(zq2qm+1)⊗ x+(zq2qm) =
ϕ(zq2q1/2)ϕ(zq2q1/2+2) · · · ϕ(zq2q1/2+2m−2)ϕ−1(zq−
1
2
+1+2m)x+(zq2m)ψ(zq
1
2
+1+2m)⊗
ϕ(zq2q3/2)ϕ(zq2q3/2+2) · · · ϕ(zq2q3/2+2m−4ϕ−1(zq−
1
2
+2mx+(zq2m−1)ψ(zq
1
2
+2m)⊗ ....
⊗ϕ(zq2qm−1/2)ϕ−1(zq−
1
2
+1+m+1)x+(zqm+1)ψ(zq
1
2
+1+m+1)⊗ ϕ−1(zq−
1
2
+1+m)⊗
x+(zqm)ψ(zq
1
2
+m+1) = ϕ−1(zq1/2)⊗ ϕ−1(zq3/2)⊗ ....ϕ−1(zq
1
2
+m)x+m(z)×
6
ψ(zq
1
2
+2m+2)⊗ .....⊗ ψ(zq
1
2
+1+m).
On the module ⊗m+1F¸, from the comultiplication formula, we have
∆m(a±n) = (1⊗ 1⊗ ...⊗∆)....(1 ⊗∆)(∆)a±n =
q(m)n/2a±n ⊗ 1..⊗ 1 + 1⊗ q
(m−2)n/2a±n ⊗ 1..⊗ 1 + ...+
1⊗ ....⊗ 1⊗ q−(m)n/2a±n.
Then
[∆m(an),∆
m(a−n)] = [2n][(m+ 1)n]/n.
From the theorem above, we have that
x+m(z) = exp[
∑
k>0
∆m(a−k)
[k]
qm/2−1/2zk] exp[−
∑
k>0
∆m(ak)
[k]
q−3m/2−1/2z−k]×
(eα ⊗ eα.....⊗ eα)(z∂α+1 ⊗ .....⊗ z∂α+1)(qm∂α ⊗ ....⊗ qm∂α)q(1+m)m/2.
Corollary 2.9. x+m(z) is an vertex operator.
Similarly we can derive corresponding results for x−(z).
Lemma 2.10. On ⊗m+1F¸, let ∆m(x−(z)) = (1⊗ 1⊗ ...⊗∆)....(1⊗∆)(∆)((x−)(z)),
then
∆m(x−(zq(2m))∆m(x−(zq2m−1)) · · ·∆m(x−(z)) =
x−(zqm)⊗ x−(zqm+1)ψ(zq3/2+2m−2)⊗ ...⊗
x−(zq2m−1)ψ(zq3/2+2m−4)···ψ(zq3/2+2)ψ(zq3/2)⊗x−(zq2m)ψ(zq1/2+2m−2)···ψ(zq1/2+2)ψ(zq1/2).
Let x−m(z) = ∆m(x−(zq(2m))∆m(x−(zq2m−2)) · · ·∆m(x−(z).
Theorem 2.11.
x−m(zq2) = ϕ(zq
1
2
+1+m)⊗ ...⊗ ϕ(zq
1
2
+2m+1)x−m(z)
ψ(z)−1(zq
1
2
+m ⊗ ...ψ−1(zq3/2)⊗ ψ−1(zq1/2) =
(1⊗ 1⊗ ...⊗∆)....(1 ⊗∆)(∆)ϕ(zq−(m+1)3/2)x−m(z)
(1⊗ 1⊗ ...⊗∆)....(1⊗∆)(∆)ψ−1(zq−m/2+1/2)
Then, from the theorem above, we have that
x−m(z) = exp[−
∑
k>0
∆m(a−k)
[k]
q(1+3m/2)kzk] exp[
∑
k>0
∆m(ak)
[k]
q(1−m)/2)kz−k]
(e−α⊗e−α.....⊗e−α)(z−∂alpha+1⊗ .....⊗z−∂alpha+1)(q−m∂alpha⊗ ....⊗q−m∂alpha)q(1+m)m/2
Corollary 2.12. x−m(z) is an vertex operator.
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3. Quantum parafermions
In this section, we will derive quantum parafermion and explain the parafermionic
construction of integrable modules of Uq(sˆl(2)) following the line of the work of Lep-
owsky and Wilson [LW1] [LW2]. This type of construction for the classical case was
also given in [FZ] from a different point of view.
On the module ⊗m+1F¸, we have that
(1⊗ 1⊗ ...⊗∆)....(1 ⊗∆)(∆)((x+)(z)) =
x+(z)⊗ 1....⊗ 1 + ...+ ϕ(zq1/2)⊗ ϕ(zq3/2)⊗ ...⊗ x+(zql)⊗ 1...⊗ 1
+.... + ϕ(zq1/2)⊗ ϕ(zq3/2)⊗ ...⊗ ϕ(zqm−1/2)⊗ x+(zqm).
So the l + 1-th term X+ml is
ϕ(zq1/2)⊗ ϕ(zq3/2)⊗ ...⊗ ϕ(zql−1/2)⊗ x+(zql)⊗ 1...⊗ 1 =
exp[−(q − q−1)
∑
k>0
a−kq
k/2zk]q−∂α ⊗ exp[−(q − q−1)
∑
k>0
a−kq
3k/2zk]q−∂α⊗
....⊗ exp[−(q − q−1)
∑
k>0
a−kq
k(l−1/2)zk]q−∂α ⊗ exp[
∑
k>0
a−k
[k]
q−
1
2
kqlkzk]
exp[−
∑
k>0
ak
[k]
q−
1
2
kq−lkz−k]eαz∂α+1ql∂ql =
exp[−(q − q−1)
∑
k>0
zk(a−kq
k/2 ⊗ 1...⊗ 1 + 1⊗ a−kq
3k/2 ⊗ ....⊗ 1 + ....+
1⊗ ...⊗ 1⊗ a−kq
l−1/2 ⊗ 1...⊗ 1) + 1⊗ ..⊗ 1⊗
a−k
[k]
q−
1
2
kqlk ⊗ 1...⊗ 1]
exp[1⊗ ..⊗ 1−
∑
k>0
ak
[k]
q−
1
2
kq−lk ⊗ 1...⊗ 1](1⊗ ....⊗ 1⊗ eα ⊗ 1....⊗ 1)
q−∂α ⊗ ....⊗ q−∂α ⊗ z∂α+1ql∂α ⊗ 1...⊗ 1)ql.
Lemma 3.1.
[∆m(ak),−(q − q
−1)(a−kq
k/2 ⊗ 1...⊗ 1 + 1⊗ a−kq
3k/2 ⊗ ....⊗ 1 + ....+ 1⊗
...⊗ 1⊗ a−kq
l−1/2 ⊗ 1...⊗ 1) + 1⊗ ..⊗ 1⊗
a−k
[k]
q−
1
2
kqlk ⊗ 1...⊗ 1] =
[2k]q−k(m+1)/2,
[1⊗ ..⊗ 1−
∑
k>0
ak
[k]
q−
1
2
kq−lk ⊗ 1...⊗ 1,∆m(a−k)] =
−q((−m−1)/2+l)k [2k]/n(q−
1
2
kq−lk) =
−q−k(m+1)/2)[2k]/n.
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Proof.
[∆m(ak),−(q − q
−1)(a−kq
k/2 ⊗ 1...⊗ 1 + 1⊗ a−kq
3k/2 ⊗ ....⊗ 1 + ....+ 1⊗
...⊗ 1⊗ a−kq
l−1/2 ⊗ 1...⊗ 1) + 1⊗ ..⊗ 1⊗
a−k
[k]
q−
1
2
kqlk ⊗ 1...⊗ 1] =
[2k][k]/n(qk/2qk(−m)/2 + q3/2kqk(−m+2)/2 + ..+ q(l−1/2)kq((−m)/2+l−1)k)(−q + q−1)+
q−k/2qlkq((−m)/2+l)k/[k]) = [2k][k]/n(qk/2qk(−m)/2(1+...+q2(l−1)k)+q−k/2qlkq((−m)/2+l)k/[k]) =
(−q + q−1)[2k][k]/n(qk/2qk(−m)/2(1− q2lk/(1− q2k) + q−k/2qlkq((−m)/2+l)k/[k]) =
[2k]q−k/2qk(−m)/2/n = [2k]q−k(m+1)/2
From the comultiplication formula, we have
∆m(x−(z)) = (1⊗ 1⊗ ...⊗∆)....(1⊗∆)(∆)((x−)(z)) =
1⊗ ....⊗ 1⊗ x−(z) + 1⊗ ....⊗ 1⊗ x−(zq1)⊗ ψ(zql−
1
2 )⊗ ....+
...+ x−(zqm)⊗ ψ(zqm−
1
2 )⊗ ...⊗ ψ(zq
1
2 ) =
m∑
i=1
X−mi (z)
X−mi (z) = 1⊗ ....⊗ 1⊗ x
−(zqi−1)⊗ ψ(zqi−1−
1
2 ) =
1⊗ ..⊗exp[−
∑
k>0
a−k
[k]
q(i−1)k+
1
2
kzk] exp[
∑
k>0
ak
[k]
q−(i−1)k+
1
2
kz−k]e−αz−∂α+1q−(i−1)∂αq(i−1)⊗
q∂α exp[(q − q−1
∑
k>0
akq
(i−1)k− 1
2
kz−k]⊗ ...⊗ q∂α exp[(q − q−1
∑
k>0
akq
1
2
kz−k] =
exp[1⊗ ..⊗−
∑
k>0
a−k
[k]
q(i−1)k+
1
2
kzk]⊗ 1..⊗ 1]×
exp[1⊗1...⊗1
∑
k>0
ak
[k]
q−(i−1)k+
1
2
kz−k⊗1...⊗1+...1⊗..1⊗(q−q−1)
∑
k>0
akq
(i−1)k− 1
2
kz−k⊗
1...⊗ 1...+ ...+ 1⊗ ...⊗ 1(q − q−1)
∑
k>0
akq
1
2
kz−k ⊗ 1..⊗ 1]×
(1⊗ ...⊗ 1⊗ e−α ⊗ 1...⊗ 1)(1⊗ ..1⊗ z−∂α+1q−(i−1)∂α ⊗ q∂α ⊗ ...⊗ q∂αq(i−1).
Lemma 3.2.
[∆m(ak), 1⊗ ..⊗−
a−k
[k]
q(i−1)k+
1
2
k]⊗ 1..⊗ 1] = −[2k]/n(qmk/2+k/2)
[1⊗ 1...⊗ 1
ak
[k]
q−(i−1)k+
1
2
kz−k ⊗ 1...⊗ 1 + 1⊗ ..1⊗ (q − q−1)akq
(i−1)k− 1
2
kz−k⊗
1...⊗ 1...+ ...+ 1⊗ ...⊗ 1(q − q−1)
∑
k>0
akq
1
2
kz−k ⊗ 1..⊗ 1,∆m(a−k)] =
[2k]/n(qmk/2+k/2)
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Let
V (±m, z) = exp[
∆m(a−k)
[(m+ 1)k]
q∓(m+1)k/2zk] exp[
∆m(ak)
[(m+ 1)k]
q∓(m+1)k/2z−k]×
(e±α/(m+1) ⊗ .....⊗ e±α/(m+1))(z±∂α/(m+1) ⊗ .....⊗ z±∂α/(m+1))z
Lemma 3.3.
V (±m, z)V (±m,w) = exp[−
2k
k[(m+ 1)k]
q∓(m+1)k(z/w)−k]z2/(m+1) : V (±m, z)V (±m,w) :
V (±m, z)V (∓m,w) = exp[
2k
k[(m+ 1)k]
(z/w)−k]z−2/(m+1)e−2pii/(m+1) : V (±m, z)V (∓m,w) :
We will denote exp[− 2k
[(m+1)k]
q∓(m+1)k(z/w)−k]z2/(m+1) by f±(w, z) and exp[ 2k
[(m+1)k]
(z/w)−k]z−2/(m+1)e−2pii/(m+1)
by p(w, z).
Let X±m(z) = V (±m, z)φ±m(z) and X±mi (z) = V (±m, z)φ
±m
i (z). We have that
φ±m(z) =
∑
φ±mi (z).
Proposition 3.4. On the space ⊗m+1F¸,
φ±m(z)∆m(ϕ(w)) = ∆m(ϕ(w))φ±mi (z),
φ±m(z)∆m(ϕ(w)) = ∆m(ϕ(w))φ±mi (z),
φ±m(z)∆m(ψ(w)) = ∆m(ψ(w))φ±m(z),
φ±m(z)∆m(ψ(w)) = ∆m(ψ(w))φ±m(z).
As the commutants to ∆m(ϕ(w) and ∆m(ψ(w), φ±mi (z) degenerate into the classi-
cal parafermions respectively [LW1][LW2] [FZ]. Thus φ±mi (z) gives us the quantum
parafermions.
Proposition 3.5. On the space ⊗m+1F¸,
: φ+mm+1(z)φ
+m
m (zq
2)...φ+m1 (zq
2m) := 1;
: φ−m1 (z)φ
−m
2 (zq
−2)...φ−mm+1(zq
−2m) := 1.
This is a quantum version of a classical relations[LW2][FZ], which comply with the
results in [DM].
From the calculation above, we can easily write down the commutation relations
between φ±mi (z) and φ
±m
i (w) and the commutation relations between φ
±m
i (z) and
φ∓i (w).
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Lemma 3.6. If i < j,
X+mi (z)X
+m
j (w) =
(w
z
− q2)
(wq
2
z
− 1)
X+mj (w)X
+m
i (z) = g(w/z)
−1X+mj (w)X
+m
i (z),
X+mj (z)X
+m
i (w) =
( zq
2
w
− 1)
( z
w
− q2)
X+mi (w)X
+m
j (z) = g(z/w)X
+m
i (w)X
+m
j (z),
X−mj (z)X
−m
i (w) =
( zq
2
w
− 1)
z
w
− q2)
X−mi (w)X
−m
j (z) = g(z/w)X
−m
i (w)X
−m
j (z),
X−mi (z)X
−m
j (w) =
(w
z
− q2)
(wq
2
z
− 1)
X−mj (w)X
−m
i (z) = g(w/z)
−1X−mj (w)X
−m
i (z),
X±mi (z)X
∓m
j (w) = X
∓m
j (w)X
±m
i (z);
X+mi (z)X
+m
i (w) = z
2 (1−
w
z
)
(1− w
zq2
)
: X+mi (w)X
+m
i (z) :,
X−mi (z)X
−m
i (w) = z
2(1−
w
z
)(1−
wq2
z
) : X−mi (z)X
−m
i (w) : .
X+mi (z)X
−m
i (w) = z
−2 1
(1− w
zq
)(1− w
zq−1
)
: X−mi (w)X
+m
i (z) :,
X−mi (z)X
+m
i (w) = w
−2 1
(1− w
zq
)(1− w
zq−1
)
: X−mi (z)X
+m
i (w) : .
Lemma 3.7. If i < j,
f+(w, z)φ+mi (z)φ
+m
j (w) = f
+(z, w)
(w
z
− q2)
(wq
2
z
− 1)
φ+mj (w)φ
+m
i (z) =
f+(z, w)g(w/z)−1φ+mj (w)φ
+m
i (z),
f+(w, z)φ+mj (z)φ
+m
i (w) = f
+(z, w)
( zq
2
w
− 1)
( z
w
− q2)
φ+mi (w)φ
+m
j (z) =
f+(z, w)g(z/w)φ+mi (w)φ
+m
j (z),
f−(w, z)φ−mj (z)φ
−m
i (w) = f
−(z, w)
( zq
2
w
− 1)
z
w
− q2)
φ−mi (w)φ
−m
j (z) =
f−(z, w)g(z/w)φ−mi (w)φ
−m
j (z),
f−(w, z)φ−mi (z)φ
−m
j (w) = f
−(z, w)
(w
z
− q2)
(wq
2
z
− 1)
φ−mj (w)φ
−m
i (z) =
f−(z, w)g(w/z)−1φ−mj (w)φ
−m
i (z),
p±(w, z)φ±mi (z)φ
∓m
j (w) = p
±(z, w)φ∓mj (w)φ
±m
i (z);
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φ+mi (z)φ
+m
i (w) = f
+(w, z)z2
(1− w
z
)
( 1
−
wzq2 − 1)
: φ+mi (w)φ
+m
i (z) :,
f+(w, z)φ−mi (z)φ
−m
i (w) = f
−(w, z)z2(1−
w
z
)(1−
wq2
z
) : φ−mi (z)φ
−m
i (w) : .
φ+mi (z)φ
−m
i (w) = p(w, z)z
−2 1
(1− w
zq
)( 1
−
wzq−1)
: φ−mi (w)φ
+m
i (z) :,
φ−mi (z)φ
+m
i (w) = p(w, z)w
−2 1
(1− w
zq
)( 1
−
wzq−1)
: φ−mi (z)φ
+m
i (w) : .
Theorem 3.8.
[p(w, z)φ+m(z)φ−m(w)−p(z, w)φ−m(w)φ+m(z)] =
1
q − q−1
(δ(z/wqm+1)−(δ(z/wq−(m+1)),
f±(w, z)(z − wq±2)φ±(z)mφ±m(w) = f∓(z, w)(zq±2 − w)φ±m(w)φ±m(z).
We will call φ±m(z) quantum parafermions, which degenerates into the classical
parafermions when q goes to 1.
Corollary 3.9.
φ+1(z) = φ−1(z),
φ+1i (z) = φ
−1
i (z), i = 1, 2;
φ±1i (z)φ
±
i (w) = −φ
±1
i (w)φ
±1
i (z), i = 1, 2;
{φ+1i (z), φ
−1
i (w)} = δ(q
−2z/w).
We can see that the quantum fermions is basically the same as the classical ones,
but with certain shifts.
Lemma 3.10. On the module ⊗m+1F¸, N < m,
∆m(x+(z))∆m(x+(zq2))...∆m(x+(zq2N−2))∆m(x+(zq2N )) =
∑
i1>i2....>iN+1
X+mi1 (z)...X
+m
iN+1
(zq2N );
∆m(x−(zq2N ))∆m(x−(zq2N−2))...∆m(x−(zq2))∆m(x−(z)) =
∑
j1<j2....<jN+1
X−mj1 (zq
2n)...X−mjN+1(z).
We can prove it with the same method as in Lemma 2.7.
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Lemma 3.11. Let 0 ≤ N < m, i1 > i2.... > iN+1, j1 < j2.... < jm−N and the set
{i1, ...., iN+1, j1, ...., jm−N} is the set {1, 2, 3, ..., m+ 1}. On the module ⊗
m+1F¸, let
X+mi1 (z)...X
+m
iN+1
(zq2N ) =
: V (+m, z)V (+m, zq2)...V (+m, zq2N ) : φ+mi1>i2....>iN+1(z),
X−mj1 (zq
2(m−N−1))...X−mjm−N+1(z) =
: V (−m, z)V (−m, zq2)...V (−m, zq2(m−N−1)) : φ−mj1<j2....<jm−N+1(z).
Then
φ+mi1>i2....>iN+1 = φ
−m
j1<j2....<jm−N+1
(z)
Proof. Let
x¯(z) = exp[
∑
k>0
a−k
[k]
q
1
2
kzk] exp[−
∑
k>0
ak
[k]
q
1
2
kz−k]eαz∂α−1.
Then
x¯(zq2) = ϕ(zq3/2)−1x¯(z)ψ(zq1/2),
x¯(zq−1) = x+(z)ψ(zq−1/2)−1q.
ϕ(zq1/2+l)ϕ(zq1/2+2+l) · · · ϕ(zq1/2+2m−l−2)x+(zq2m−l) =
ϕ(zq1/2+l)ϕ(zq1/2+2+l)..ϕ(zq1/2+2m−l−2)x+(zq2m)ψ(zq(2m−l)+3/2)−1....ψ(zq2m+3/2)−1.
ϕ(zq1/2+l)ϕ(zq1/2+2+l) · · · ϕ(zq1/2+2m−l−2)x+(zq2m−l) =
ϕ(zq1/2+l)ϕ(zq1/2+2+l) · · · ϕ(zq1/2+2m−l−2)x¯(zq2m−l−1)ψ(zq2m−l−1/2)q =
ϕ(zq1/2+l)ϕ(zq1/2+2+l) · · · ϕ(zq1/2+2m−l−2k−2)x¯(zq2m−l−2k−1)ψ(zq2m−l−2k−1/2)·
· · ψ(zq2m−l−1−3/2)ψ(zq2m−l−1/2)q.
This gives us the proof.
Corollary 3.12. For 0 ≤ N < m, let
φ+m,N(z) =
∑
φ+mi1>i2....>iN+1(z)
φ−m,m−N−1(z) =
∑
φ−mi1<i2....<im−N+1(z).
Then
φ+m,N(z) = φ−m,m−N−1(z)
.
Let V −(±m, z) be an vertex operators such that : V −(±m, z)V (±m, z) := 1.
Corollary 3.13.
: V −(+m, z)...V −(+m, zq2N) : ∆m(x+(z))....∆m(x+(zq2N)) =
: V −(−m, zq2m−2N )...V −(−m, z) : ∆m(x−(zq2m−2N ))....∆m(x−(z)).
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This generalizes the corresponding results in [LP].
Definition 3.1. Let
φm,n =
∑
φ+mi1>j2...>iN+1(z),
for N < m. We call φm,N(z) quantum parafermions.
These quantum parafermions degenerate into the classical parafermions, when q
goes to 1.
With the results above, we can write the operator product expansion of these quan-
tum parafermions and the commutation relations between those quantum parafermions.
The operator product expansion is very complicated as it can been see from the com-
mutation relations below.
Proposition 3.14.
i=0,1..,M∏
j=0,1..N
(zq2j − q2wq2i)f+(wq2i, zq2j)φm,N(z)φm,M (w) =
i=0,1..,M∏
j=0,1..N
(q2zq2j − wq2i)f+(zq2j , wq2i)φm,M(w)φm,N(z);
i=0,1..,m−M−1∏
j=0,1..m−N−1
(zq2j − q−2wq2i)f−(wq2i, zq2j)φm,N(z)φm,M(w) =
i=0,1..,m−M+1∏
j=0,1..m−N+1
(q−2zq2j − wq2i)f−(zq2j , wq2i)φm,M(w)φm,N(z);
A version of quantum parafermion is given in [BV], where only φm,0(z) and φm,m−1(z)
are given. With the Drinfeld comultiplication, we are able to follow the line of [LW1]
[LW2] to derive all the integrable representation. This automatically leads us to the
quantum parafermions characterized as the commutant to ϕ(z) and ψ(z). Clearly,
we can use the operators φ±m(z) to derive x±(z), by V (±, z)φ±(z), which gives
parafermion constructions. Combining the results in [DM], we bascially derive all
the corresponding structure corresponding to the results in [LW1] [LW2] concerning
the structure of standard modules for the case of sˆl(2), which essentially prepares
all the necessary conditions for the extension of the results in [FS] to the quantum
cases. On the other hand, parafermions in the classical case have very important
applications in the conformal field theory [FZ]. Our φm,N(z) as deformed fermions
should play an important role in formulating the theory of the quantization of the
conformal field theory. The results in this paper can be extended to the other cases
of quantum affine algebras in a straightforward way, which will gives us the structure
of the standard modules of the quantum affine algebras like in [LW1] [LW2].
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